Abstract-It is a highly nonlinear problem of 3-D elastoplastic contact with friction. To obtain the key information about the real size, displacement and traction in contact zone, the elements in contact and plastic zone should be subdivided. However, the increase of degrees of freedom is limited by the problem-solving scale when traditional BEM is used, for a larger memory size is required and the solution procedure costs too long CPU time. In this paper, based on 3-D elasto-plastic contact with friction Multipole BEM adopting Mathematical Programming, we developed the latest 3-D elasto-plastic contact with friction Multipole BEM and source Programs, and numerical experiment is carried out. Numerical experiment shows that with this new method, the need of computer memory size is only one hundredth of the traditional one, which makes the large-scale computing of subdivided elements possible and improves the computational precision.
I. INTRODUCTION
Boundary element method (Boundary Element Method, referred to as the BEM) due to the advantages of simple calculation, strong adaptability and, high precision, in the each engineering fields has been a wide range of the applications. However, due to the dense characteristics of coefficients matrix of the final linear equations set and traditional mode for solving, it restrictions the solving scope of the method, and it is difficult to meet the need of modern engineering to solve large-scale problems [1] .
Based on Barnes and Hut's tree method, in 1987 Greengard and Rokhlin through the introduction of the concept of "local expand'' propose the fast multipole algorithm for particle simulation [2] . Because the boundary element discrete linear equations can be seen as pairwise interactiona between points source. T By using the integral nuclear expansion and synthesis technology, may realize the integral structure of the coefficient matrix of linear equations for fast calculation of value. Due to the nature of the fast multipole algorithm, which naturally in solving potential field problems in combination with the boundary element method, improve the efficiency of solving the traditional boundary element method. Through the combining of multipole expansion of fundamental solutions with the implicit solution method of the boundary element linear equations [3] , developed fast multipole boundary element method. The solving model of the fast multipole boundary element method updates, to overcome the traditional boundary element method disadvantage, the computational complexity and memory usage is roughly ( log ) O N N or () ON , it greatly improving the computational efficiency, expand the scale of solution of boundary element method, applied in the large-scale numerical value in many areas of engineering calculation.
Elastoplastic is the most common and most researched nonlinear behavior of material, using elastoplastic constitutive model, such as the yield surface, plastic potential and flow rule [4] [5] [6] [7] [8] . Elastoplastic theory has been set up in the early twentieth Century, has been applied successfully in the metal structure and the field of plastic processing. there are two reasons for the study on the deformation state of elastic solid material: the first is to better play the material performance and more accurately estimate the bearing capacity of the object. Second is that a lot of machining and forming process can not recover, consciously make the material beyond the elastic limit, get the desired shape in machining.
The boundary element method for plastic problem, firstly proposed by Swedlow and Mendelson [9, 10] in the nineteen seventies, and the boundary integral equation of the elastoplastic problem is given. After differential the integral equation of displacement in the domain, the integral equation of internal stress are obtained, but due to strong singularity of the integrand, it is rather difficult. Bui [11] in 1978 deal the strong singularity problems and give the correct internal stress integral formula, thus form a complete elastoplastic boundary element integral formula.
The early establishment of the three-dimensional elastic-plastic contact boundary element method [12] [13] is as a coupling model to analyze the elastic-plastic deformation of rolling and elastic deformation of rolls. Multi-object contact, friction, adhesion or slip state and plastic deformation occur simultaneously, the calculation amount of coupled role is very large in the incremental load. That is, take a large increase in the load increment, it will reduce the convergence precision; if fine mesh and take a small incremental step, the sharp increase in the amount of computer memory and CPU. For example, When the rolled plate and strip generosity is relatively large, traditional supercomputer computing speed close to its inherent limit, calculation cost is expensive. On this basis, in Yanshan University, Xiao Hong, Liu Deyi, Yu Chun-Xiao [14] [15] established a three-dimensional elastic-plastic mathematical programming frictional contact boundary element method.
According to the method of three-dimensional elastoplastic multipole expansion boundary element with frictional contact, This paper uses a large width unit, introduce parallel numerical progression which is suitable for network computing cluster system, and changes the original serial algorithm to establish an efficient, lowerror three-dimensional elastic plastic multipole expansion boundary element parallel algorithms. the paper apply elastoplastic finite deformation multipole expansion contact boundary element parallel algorithms to build strip rolling-contact coupling precision analytical model.
II. PROPOSED SCHEME
Multiple objects contact problem is based on the contact of each two elasto-plastic bodies (see Figure 1 ), simultaneous solution of each object equations. At the same time, considering the three coupled nonlinear engineering problems of contact, friction and elastic plastic, the elastic plastic body also needs to be divided into unit within the domain, thus the solving scale is large and complexity is high. Accordingly, through the multipole expansion method for fast computation of matrix multiplication in the iterative process, so as to achieve the purpose of improving the efficiency, and also reduce the amount of memory. 
A. Control Equation
For the control equation of small elastic-plastic deformation problem can be written in the form of incremental Geometric equations
Surface force equation
Boundary conditions
The formula 
B. The Boundary Integral Equation and the Discrete Format of the Elastomer And Elasto-Plastic Body
Without taking into account the body force A  of the elastic deformation, the boundary integral equation
For the elastic-plastic deformation body B  , the boundary integral equation of the form of initial stress
The corresponding basic solution of formula (5) and (6) 
The rate of interior point stress is
Discrete boundary of object A and object B, the domain of object B is also discrete, (5) and (6) formula (5) and formula (6) can be written as
Formula (10) can be written as
C. Fundamental Solution and the Decomposition of the Kernel Function
Observation formula (14) , formula (15) and formula (16) , they all are the multiplication of the matrix and column vectors. In order to apply the multipole expansion method on a matrix multiplication, the fundamental solution and the correlation function can be decomposed into a function 1 R . Formula (7), (8) , are broken down as follows:
In the formula
The decomposition of the formula (9):
in the formula (24)
The decomposition of the formula (12):
The decomposition of the formula (13):
in the formula (31)
D. Calculation Model
There is often more than one object in contact with each other, such as a combination of the contact of each two bodies, establish the surface force constraints and displacement constraints of contact region, and finally simultaneous solution to the actual contact problem. The multi-object contact model is shown in Figure 2 . In the calculation, we should avoid the inspection and penetration tests for the object with the contact not happen, it is necessary given the contact form. For the contact in Figure 2 , the exposure is determined in the case of no contact with the table in Table 1   TABLE I .
Note: in the table • shows that the objects contact with the column and row.
According to the actual conditions of exposure, can be given a contact table, in order to improve the computational efficiency of the contact and penetration Analyzing. For the case of Figure 2 , the contact determination table are given in Table 2.   TABLE II. GIVEN
There are no sequence requirements when define the object contact, but after making contact judgment, applied contact constraints, it is need to distinguish the active body and passive body. The constraints of both are different. If an object contact with several objects at the same time, the may contact nodes and elements of this object does not need to be distinguished with different objects, there is no requirement on the order. The calculated DOF of multi-object contact problems, i.e. dimension calculation of the equations are as shown in Table 3 .
Total number of degrees of freedom can be obtained from 
in the formula, n -the number of the object with contact. 
On the elastic body only in the surface mesh, b but the elastic-plastic body in plastic deformation area needs to be divided into a domain unit. Because of the plastic strain and stress constitutive equation, we need to calculate the object surface stress and within a point of stress. The plastic stress is separated from the total stress. Discrete boundary integral equation and interior point stress integral equation, we can get a matrix equation
Elastomers:
Elastic-plastic body:
The elastic-plastic body stress:
among them, {} X is the column vector composed by the unknown surface force and displacement {} P is the column vector composed by the known surface force and displacement, {} p  is column vector of the plastic stress for the elastic-plastic surface and all nodes.
E. Calculation Process
The calculation process with Multi-object elastoplastic frictional contact is shown in Figure 3 , and compared with elastic frictional contact, an increase of the calculation for interior point stress of the elastic-plastic body and plastic checks.
The calculation of the surface stress and elastic problem is the same, the domain point stress should be calculated by formula (10) . Plastic iteration, you need to specify the maximum and minimum number of iterations to prevent plastic iteration time is too long. For the convergence criteria, use absolute and relative error criterion for discrimination at the same time, if it meets one of that, it convergence. Because the elastic-plastic material model to allow energy dissipation, plastic work is irreversible, mathematical model also requires an increase column type. Incremental step size based on the specific issues, reasonable incremental step may be has a significant impact on the calculation accuracy and efficiency. But there is no good way to give the best incremental step, it can only be appropriately selected based on experience. Use discriminant model of peer to groups about contact iteration, in order to avoid the the slide in point to point contact mode, the error of dislocation brought also simplifies the mesh. Friction iteration, assume that all nodes calculate the contact surface force. According to the Coulomb's law, judge whether the points slip, and to determine the slip direction. Using the friction constraints on the slip point, the tangential displacement constraints into the surface force constraint. The convergence criterion is a constant sliding point in contact zone.
The critical plastic iteration is to calculate equivalent stress of each node of plastic body, using Mises yield condition and Prandtl-Reuss flow rule to judge whether the points into a state of plastic deformation, and separate the plastic stress of the points from total stress, take it into the equation to calculate the stress and displacement.
Plastic iterative cycle include friction iteration. At each increment step the contact area is fixed, if judge the contact penetration occurs after the incremental step over, we must subdivide the incremental step. Convergence conditions for contact judgment is without penetration occurs, contact iteration contains plastic iteration. Use the different convergence criteria for stress variables and displacement variables.
For force variables, using the absolute convergence criteria:
For the displacement variables, using the relative convergence criteria:
In the calculation, when stress and displacement are convergence at the same time, it is computational convergence, otherwise should continue to iterative.
F. Test Validation
By using the boundary element method for calculation of combination bearing partial load conditions for 2050CVC hot strip rolling mill and finishing mill and the field test results, as shown in Figure 4 [16] . We can see from Figure 4 , load distribution of bearing is composed of a roller body side to the roll end, load from large to small distribution, roller side load is large, load is obviously partial load, the results of boundary element method are in good agreement with the actual test, the error is below 5%, which further proves that the method is effective. The strip is put into the gap between the rotating the roll, contact friction force is generated, strip has the elastic and plastic deformation, rolls has the elastic deformation. Plastic flow rule determines the state of elastic deformation to plastic. As shown in Figure 5 , two states are separated by the elastic-plastic interface. With the strip continuously into the roll gap of bite arc deformation, the metal of plastic flow is increasing, the elastic-plastic deformation completed until the exit, rolling force disappears. In the process of rolling, the relative speed of roller and strip changes. As the plate with a bite to roll, with the increase of reduction was accelerated (plate is relative roll lag with rolls), the speed of the panel reach the surface speed of roll at the neutral point. Since then, strip exceeds the roll speed velocity and direction of friction changes; it prevent the board with a forward movement. The paper uses the parallel fast multipole boundary element method to simulate four roller mill strip cold rolling process. In order to establish the mathematical model, do some basic assumptions of the model:
(1) all the material is homogeneous, isotropic and remain unchanged during deformation;
(2) considering the strip as elastic-plastic body, comply with Mises Plandtl-Reass yield condition and flow rule in a plastic state, Strip is uniform thickness and width dimensions before rolling; (3) the work roll and supporting roll is an elastic body; (4) in the deformation, the materials meet the law of constant volume; (5) strip and roll contact surface obeys the Coulomb friction law of linear, when over the limit of yield shear friction obeys the shear friction theory, i.e.
F k m  F -The the friction of contact surface k -the limit of Metal shear yield m -the positive number is less than or equal to 1, known as the shear friction coefficient. Figure 6 shows the rolling process model of a threedimensional four-roll cold-rolling mill during, the deformation of work roll and the support rollers of the strip with four-roll mill in rolling is only elastic deformation. Generally for symmetric rolling problem, take 14 models of rolling models from Figure 6 as discrete model in actual calculation. The calculation model of strip cold rolling mill for 2030mm board, each incremental step has 18414 degrees of freedom. when calculating support roller, roller and the size of workpiece and material properties to see the literature [17] , computing time and memory usage situation in calculation process as shown in Figure 7 -8, it is easy to find that the scale of the problem is small, that is to say the number of degrees of freedom is small, the computing speed of conventional boundary element method is fast and the memory usage is less than the multipole boundary element method. However, when the scale of the problem is large, the amount of computation and memory usage in the conventional boundary element method are approximate to the growth rate of () ON and ( log ) O N N .
Computational complexity and memory usage of the fast multipole boundary element method are approximate linear relation growth with the degrees of freedom, the relation is () ON and ( log ) O N N . When the solving scale is large, the solving efficiency of multipole boundary element method is much higher than the traditional boundary element method. This method features shows that the fast multipole boundary element method is suitable for solving large-scale problems; expand the scope of the traditional boundary element method for solving.
IV. CONLCUSIONS
(1) Based on the three-dimensional elastic frictional contact boundary element method, this paper introduces the nonlinear elastic-plastic material, gives the threedimensional elastic-plastic frictional contact boundary integral equation, and formed matrix equation after its discrete.
(2) For a large number of matrix multiplication, the multipole expansion method is introduced into the matrix multiplication in order to improve computational efficiency. To this end, the fundamental solution and the relevant kernel function within stress calculation point are equivalent to decomposition. the paper gives threedimensional elastic-plastic frictional contact BEM format suitable for multipole expansion method.
(3) Based on the contact model for two objects, combined with multipole expansion method in the matrix multiplication application, this paper gives a multiple object elastoplastic frictional contact multipole boundary element method, and the develop the related FORTRAN source. Numerical examples show that the model has high computational efficiency, accuracy, and numerical stability.
